We consider Quantum Toda theory associated to a general Lie algebra. We prove that the conserved quantities in both conformal and affine Toda theories exhibit duality interchanging the Dynkin diagram and its dual, and inverting the coupling constant. As an example we discuss the conformal Toda theories based on B 2 , B 3 and G 2 and the related affine theories.
Introduction
It was noticed some time ago that there is a relation between the conformal Toda theory based on a simply-laced algebra g with coupling constant β, and 1/β. This has also been extended to the case of a non-simply-laced Lie algebra g; here the conformal Toda theory given by g, with coupling constant β is related to the Toda theory of g ∨ with coupling constant 1/β. (The Dynkin diagram of g ∨ is obtained by changing the directions of all the arrows which appear in the Dynkin diagram of g.)
This relation was first deduced in the Liouville model, which is sl(2) Toda theory. A necessary requirement that the Liouville theory be conformally invariant is that the potential term has conformal weight (1, 1) . One may obtain the Virasoro algebra from the Lagrangian by adding a conformal improvement to the stress-energy tensor. This then ensures that the potential term has the correct weight. Having obtained the Virasoro algebra for the Liouville theory at coupling constant β, there is no other value β ′ for which the potential term in the classical Liouville theory with coupling constant β ′ has weight (1,1) with respect to the Virasoro algebra in the Liouville theory with coupling constant β.
In the quantum theory, however, there are O(h) corrections to the stress-energy tensor which allow the potential term in the quantum theory with coupling constant 1/(βh) to have weight (1,1) with respect to the Virasoro algebra in the Liouville theory with coupling constant β.
This was used by Mansfield [1] to explain a problem that was present in the interpretation of the Liouville model at imaginary coupling constant as the Lagrangian theory of the conformal minimal models; this problem being that the quantum solutions to the equations of motion only generated the (1, q) or (p, 1) conformal primary fields. With the addition of the potential term of the 'dual' theory, all the conformal primary fields (p, q) could be obtained.
In the case of the Liouville theory, the Virasoro algebra is the full chiral algebra. For Toda theories based on more general simply laced algebras, one obtains a W-algebra. The Drinfeld-Sokolov construction for a Hamiltonian reduction based on the maximal regular embedding of sl(2) ֒→ g allows one to find explicit expressions for the chiral algebras of classical conformal Toda theories, and the conserved quantities in classical affine theories, through the Miura transformation. One finds that the conserved quantities are polynomial in the derivatives of the Toda fields φ i and 1/β. When people sought freefield representations of W-algebras (the chiral algebras of conformal Toda theories), they were brought to the idea of quantising the Miura transformation. The expressions found for WA n and WD n by Fateev and Luk'yanov [2, 3] are exactly the same as the classical expressions, after normal ordering, with the replacement of the coupling constant 1/β by 1/β − (hβ). These W-algebras have a representation theory quite analogous to that of the Virasoro algebra, and similarly the naive quantisation of the Lagrangian only generates some of the primary fields. However, these quantum W-algebras also admit an extension to the Lagrangian by the potential term at the inverted coupling constant [1] , so that the full set of primary fields can be obtained from a Lagrangian theory which contains the potential terms for both coupling constants β and 1/(hβ).
When considering the quantisation of the W-algebra symmetries of non-simply laced Toda theories there was much less success, and a quantum construction of the chiral algebra in the B 2 Toda theory has only been found very recently [4] . Although the fields in this quantum construction are O(h) corrections to the classical expressions, this does not occur simply as a renormalisation of the coupling constant. This may be seen from the fact that the extra potential terms which may be added to the B 2 theory are in fact those of the C 2 theory at the dual coupling constant; although B 2 and C 2 are isomorphic as Lie algebras, their root systems are naturally thought of as rotated by 45
• with respect to each other. Thus, equally well the W-algebra fields are O(1/h) corrections to the C 2 theory expressions. We see that the quantum W-algebras may be thought of as a simple renormalisation of the coupling constants in the classical expressions only when the root spaces of g and g ∨ coincide, which means that g must be simply-laced if it is a Lie algebra; if g is a super-algebra, the same condition holds for WB(0, n) too, for which many results analogous to the simply-laced algebras hold [5] . Thus, the chiral algebra of any Toda theory of a non-simply laced algebra will be O(h) corrections to the classical expression for the chiral algebra, if we replace β by 1/(hβ), then they are O(h) corrections to the classical expressions for the chiral algebras of the theory based on g ∨ . This result has been very recently proven by Frenkel [6] using homological techniques.
When we come to discuss affine Toda theories we may well ask if similar statements hold. It has long been known that the classical affine Toda theories have an infinite set of conserved quantities [7] , with spins given by the exponents of the associated affine Lie algebra. Some initial work was done on quantum affine Toda theory by Eguchi and Yang [8] , and by Palla [9] . Feigin and Frenkel have recently shown the existence of a full set of quantum conserved currents through the use of homological techniques [10] . Affine Toda theory splits into two regimes; where the coupling constants is real, and where it is imaginary. The real coupling constant regime is more closely associated to perturbed conformal field theories, but it is for the imaginary coupling constant behaviour that most progress has been made in understanding the particle content of the theories [11, 12, 5] . In this letter we give a short proof that the conserved quantities of the affine theories in these regimes obey the duality already found for the conformal theories. We give several examples based on our calculations for conformal Toda theories [4] . We end with a discussion of the implications of this duality on the mass spectrum for these theories, and the recent conjectures of Grisaru et al. [13] for the scattering matrices of some non-simply laced affine theories.
Quantum Toda Theory
The quantum Toda field theory associated to a finite dimensional algebra g has the same Lagrangian as the classical theory,
where Σ(g) = {α j } denotes the set of simple roots of g, m j are rank g arbitrary non-zero constants and β is the coupling constant of the theory. Removing the divergencies by normal ordering introduces a mass scale [14] . However, the algebraic structure does not depend on the mass scale, and one can set the constants m j to any arbitrary non zero values by a constant shift in φ.
We work in light-cone coordinates, z,z given by
2)
We shall also denote ∂/∂z by ∂, and define new fields X, H by 4) and similarly forH. Note that H = i∂X. In the quantum theory the conformal symmetry is generated by an improved stress-energy tensor of the form
where ρ = 1 2
∆ + α ∨ ,h has been set to 1, and a = β/ √ 2 is the coupling constant. Σ + is the set of positive roots of g, and the dual roots are given by α ∨ = 2α/α 2 . We find that the improved stress energy tensor is conserved [15] and so we can decompose it into modes as 6) where∂L n = 0 by the Heisenberg equations of motion. We use light-cone commutation relations, which are of the form
We expand the fields X(z,z) and H(z,z) in equal-x − modes,
The commutation relations for the modes are
We shall in future drop reference to the coordinatez where the meaning is unambiguous. We have a Hilbert space for eachz on which these modes act, with a vacuum |0 . A field
Thus, we may evaluate the equal-z commutation relations of fields and states exactly as in standard conformal field theory [16] , providing we remember that thez dependence of our states and modes is non-trivial.
+ dx − then using standard conformal field theory normal ordering we obtain
The quantum equations of motion arē
where E j n are the modes of the vertex operator,
By the uniqueness of vertex operators and the conservation of the stress-energy tensor, to evaluate the derivative of a field, we need only evaluate the derivative of the state to which it corresponds,∂
Thus, we may easily evaluate the derivative of any polynomial in the field H.
Conversely, since E j (z) 0 |0 = 0, and [L n , E j (z) 0 ] = 0, we may check directly from the commutation relations that 
Proof of duality of chiral algebras
There is another set of screening charges
which corresponds to the Toda theory of g ∨ , at coupling constant a ∨ = −1/a. We find that the W-algebra given by the commutant of the screening charges Q i of g also commutes with the screening charges Q i∨ of g ∨ . This has been proven in full generality by Frenkel [6] . For our extension to the affine case we need only consider the regime a 2 negative. We think it useful to present here a version of the proof of the duality of the chiral algebra in this regime.
We consider each simple root in turn. We are seeking the commutant of Q i in the space of fields spanned by polynomials in H j and their derivatives. Since we know the relation between states and fields (2.11) is unique, [Q i , ψ(z)] = 0 is equivalent to Q i |ψ = 0. Since the modes H 
Since the action of the operator Q i can be expressed entirely in terms of the modes
Thus we only need consider this simpler space Ker H K (Q i ). We have chosen the modes K i m to have free field commutation relations,
and the operator Q i is expressed as dz exp(ia K(z)dz). We know at least one state in
We also know that the Virasoro algebra L i m given by
commutes with Q i . Thus the space Ker H K (Q i ) is a representation of the Virasoro algebra L i . Similarly, the states produced by the action of Q i on H K , which we denote by Im H K (Q i ) form a representation of the Virasoro algebra. Since Q i K i −1 |0 = 0, we know that this representation has at least one state with h = 1, and so it must be a highest weight representation with h = 1. Using the Kac determinant formula [17] , we know that if a 2 is negative, then the h = 1 representation is irreducible. This representation thus has character
which must be a lower bound on the character of Im H K (Q i ). Consequently there is an upper bound on the character of the space Ker H K (Q i ), namely
contains one copy of a highest weight representation with h = 0. However, we know the character of the h = 0 representation, and it is exactly given by (3.8). Since (3.8) was an upper bound on the character of Ker
is an irreducible highest weight representation with h = 0. Thus all the states in Ker H K (Q i ) are given by the action of creation modes of the algebra L i acting on the vacuum. So, we can decompose the Fock Space H as
where V 0 is given by the action of all creation modes of L i on |0 , and V 1 by the action of all creation modes of L i on K i −1 |0 . Thus we can write a generic state |ψ in H as
where |p j is an arbitrary state in H i⊥ and q j , r j are polynomials in the lowering modes of L i . If we consider the condition that this state defines a field which commutes with Q i we obtain
We can now ask that the same state defines a field which commutes with the dual screening charge Q i∨ . The Q i∨ have the property that [L i , Q i∨ ] = 0 and so
These are the same equations for the state |p j and the polynomials r j , and so any state which commutes with Q i also commutes with Q i∨ ,
The chiral algebra of the Toda theory for a 2 negative is given as
and so all the fields in A also automatically commute with the operators Q i∨ . Thus if we denote the chiral algebra of the Toda theory based on g with coupling constant a by A(g, a), then we have
Note that in (3.15) the simple roots of g ∨ are 2α/α 2 , where α are the simple roots of g. For a 2 positive, rational, there are subtleties in that the Virasoro representation Ker(Q i ) is not irreducible and so the decomposition (3.9) is invalid.
Affine algebras and examples
The classical affine Toda field theories are integrable field theories of scalar fields related to affine Lie algebras. If Σ = {α i } i=0,...,l is the set of simple roots of an affine Lie algebrâ g of rank l, then one may define the Lagrangian for a theory of l scalar fields as
We shall again consider this theory on the light-cone, and use the conventions of the previous section. When one considers normal ordering the Lagrangian, one must now be more careful. However, one can show that a change in the mass scale can again be compensated for by a shift in φ, in the sense that requiring φ = 0 implies that the m j = Mn j , where n j α j = 0, and M is a constant which depends on the mass scale. Thus the form of the Lagrangian and in particular the value of β are independent of the regularisation scheme [18] . For the conformal Toda theories, the conserved quantities were local fields, giving a W-algebra as the symmetry algebra. However, for affine theory this is not the case. Instead of all the modes of a local field commuting with the Hamiltonian, only the integrals of fields will commute. The conserved quantities of this integrable system are given by
where I a and W a satisfy
Here H 0 is the Hamiltonian of the theory and V a are arbitrary local fields. A field W satisfies (4.3) if and only if
where
The quantum Hamiltonian is 5) and so, by the algebraic independence of the exponential terms, we see that the conserved quantities {I a } must commute with each of the terms in the Hamiltonian individually. The conserved quantity is called trivial if W a = ∂Y a where Y a is a local field. Since L −1 commutes with H 0 we have for a trivial conserved quantity |W a = L −1 |Y a . Let us denote by Aff (g, a, j) the space of states |W such that
. Then the total space of states satisfying (4.3), which we denote by Aff (g, a), is given by
Feigin and Frenkel have recently shown that the space of states so defined has the same dimensionality as in the classical case [10] . There is one conserved quantity of spin e a for each exponent of the affine algebraĝ, corresponding to a state |W a of conformal weight e a + 1. We shall now show that in the regime a 2 negative, the conserved quantities of the affine theoryĝ are also conserved quantities of the theoryĝ ∨ with inverted coupling constant.
We shall again consider each simple root in turn and introduce the operators K m associated to the particular simple root under consideration. If we consider the decomposition (3.9) of the space H, then we may again take an arbitrary state in H to be
where |p j is an arbitrary state in H i⊥ and q j , r j are polynomials in the creation modes of L i . If we consider the condition that this state defines a field whose integral commutes with Q i we obtain
If we ask that the same state defines a field which commutes with the dual screening charge Q i∨ , we obtain
These are the same equations for the states |p j and the polynomials r j , q j and so the integral of any field which commutes with Q i also commutes with Q i∨ , and so
Since L −1 is independent of g and a we have
and the two affine Toda theories have the same conserved quantities.
Examples
The classification of affine Dynkin diagrams may be found in [19] ; we shall adopt this notation. Each affine diagram with (l + 1) vertices defines a theory of l scalar fields. We have investigated the theories C
2 , D
3 , G
4 , B
3 , A
5 , C
3 , D
5 , A
4 , A
6 . With the exception of all but the last two, these can be split into dual pairs, for which the Dynkin diagrams are as follows,ĝĝ
For the case A 6 , these are self dual with Dynkin diagrams
We have searched for conserved quantities of the affine Toda theories based on these Dynkin diagrams up to spin 5 for the rank three cases, and to spin 7 for the rank two cases. This was done using the algebraic manipulation language REDUCE to evaluate the action of Q i and Q i∨ . If we consider fields in the chiral algebra A(g, a), and equation (4.6) for the screening charge corresponding to the additional root, we only need consider states in H which are formed from the action of lexicographically ordered modes of the fields in the chiral algebras. We can then compare this with an arbitrary states of the form L −1 |V .
B 2
Here explicit expressions for the chiral algebra are known [4] . One finds unique states |W such that H 0 |W = L −1 |V for the spin of W equal to 2, 4 and 6.
We take the simple roots of B 2 to be (0, 1),
If we consider the conformal theory Toda theory based on B 2 then we can find fields which commute with the screening charges for the simple roots of the algebra. Starting with an arbitrary state at each level we implemented these constraints, and up to conformal weight 6, we found two independent fields which satisfied them. One was the Virasoro algebra generator, which corresponded to the state (2.20). The other was a spin 4 conformal primary field corresponding to the state W −4 |0 , which we have described in our paper [20] . The field has an extremely lengthy expression in terms of free fields which is an O(1/a) perturbation of the classical expression, and we choose to normalise the state W −4 |0 by 0|W 4 W −4 |0 = −72(3a − 2/a)(a − 3/a)(5a − 6/a)(3a − 5/a)(5a − 8/a)
We also found of course the Virasoro descendants of L −2 |0 and of W −4 |0 , and we give the whole list in Table 3 .
Having found these fields, we may search for conserved quantities for the quantum affine theories related to B 2 . These affine theories are C 3 , which form a pair of dual algebras. We can also consider A (2) 4 to be an extension of B 2 in two different ways; this is a self dual algebra. The additional roots are as 
4 (ii) root (−1, −1) (−1, 0) (−1/2, −1/2) (−2, 0)
The conserved quantities for these affine theories are of the form
where Φ(z) is some field which is polynomial in the derivatives of the Toda fields. This charge I must certainly commute with the Hamiltonian of the conformal theory, which comprises the screening charges for the conformal theory, and so we can take Φ(z) to be some field in the W-algebra of the conformal Toda theory. With Φ(z) of this form, we now need only check that the integral I commutes with the screening charges corresponding to the extra term in the potential of the affine theory. We systematically searched for fields Φ(z) of this form up to spin 8. We found only three such fields, although there are many more in the W-algebra up to conformal spin 8 which we list in Table 3 below. To find conserved quantities, we only need consider fields Φ(z) which cannot be expressed as the ∂/∂z derivative of another local field, or for which the state L 1 |Φ = 0. Thus, when we look for conserved quantities, we need only look at fields Φ of conformal spins 2, 4 and 6. We find, as expected, that the momentum
is a conserved quantity. There are no conserved quantities at spin 2, or suitable Φ at spin 3. At Φ of spin 4, for a conserved quantity of spin 3, we found a conserved charge for each of the affine theories. If we write the field Φ as
then we obtain the conserved quantities for the choices of x below. 
4 (ii)
At Φ of spin 6, for a conserved quantity of spin 5, we found a unique conserved charge for the affine theories C 
then we get: Table 4 : Spin 5 charges
We also found a conserved quantity of spin 7 for each of the affine theories. This charge corresponds to a field Φ of spin 8, which can be written in terms of the W-algebra fields as
The conserved quantities are then obtained for the choices: We have checked explicitly that these conserved quantities obey the required duality properties, that is they commute with the terms appearing in the affine Toda Lagrangian for the dual algebra with a → −1/a. C
and D
3 are dual algebras, as are A
4 (i) and A
4 (ii). However, the normalisations of the roots differ from that in (3.15), so that e.g.
3 under a −→ − √ 2/a up to a change of sign in W . The spins of the conserved quantities we have found agree with the spins of the classical conserved quantities, namely that the spins are equal to the exponents of the affine Lie algebra (see e.g. Table E , page 216 [19] ). Table 6 : algebra exponents
1 mod 2 D
B 3
We take the simple roots of B 3 to be
If we consider the conformal theory Toda based on B 3 then we can find fields which commute with the screening charges for the simple roots of the algebra. Starting with an arbitrary state at each level we implemented these constraints, and up to conformal weight 6, we found three independent fields which satisfied them. One was the Virasoro algebra generator, which corresponded to the state (2.20), and the other two were a spin 4 and a spin 6 field, corresponding to states
respectively. These are extremely lengthy expressions which are O(1/a) perturbations of the classical expression. We have used the normalisation
There were also the Virasoro descendants of L −2 |0 and of W −4 |0 . Having found these fields, we may search for conserved quantities for the quantum affine theories related to B 3 . These affine theories are B The conserved quantities for these affine theories are of the form (5.5) where Φ(z) is some field which is polynomial in the derivatives of the Toda fields. As above, this charge I must certainly commute with the conformal Hamiltonian, and so we need only check that the integral I obtained from some W-algebra field commutes with the screening charges corresponding to the extra term in the potential of the affine theory.
We systematically searched for such fields Φ(z) up to spin 6. Up to that spin the fields in the W-algebra are: 
We find, as expected, that the there is a conserved quantity of spin one, the momentum
(5.14)
There are no conserved quantities of spin 2, but a conserved quantity of spin 3, corresponding to a field Φ of conformal weight 4, for each of the affine theories. If we write the field Φ as
then we obtain the conserved quantities for the choices of x below. For the affine theories B 
then we obtain the conserved quantities for the choices below. The conserved quantities for A
3 and A
4 can be obtained by substituting a −→ − √ 2/a in the above expressions for B
5 and A
4 . The spins of the conserved quantities we have found are again equal to the exponents of the affine Lie algebra, as in the classical case. 
i ≡ 1, 3, 5, 9, 11, 13 mod 14
We take the simple roots of G 2 to be
If we consider the conformal theory Toda based on G 2 then we can find fields which commute with the screening charges for the simple roots of the algebra. Starting with an arbitrary state at each level we implemented these constraints, and up to conformal weight 6, we found two independent fields which satisfied them. One was the Virasoro algebra generator, which corresponded to a state (2.20) , and the other was a spin 6 conformal primary field corresponding to the state
This state is given by an extremely lengthy expression which is an O(1/a) perturbation of the classical expression. We normalised the state as
Having found these fields, we may search for conserved quantities for the quantum affine theories related to G 2 . These affine theories are G 4 , corresponding to the extra roots as below, 
The conserved quantities I for these affine theories are again of the form (5.5) We systematically searched for fields Φ(z) of this form up to spin 8. We again considered arbitrary linear combinations of the W-algebra fields up to level 8. These are listed below. 
We found only three such combinations which yielded conserved quantities. We find, as expected, that the momentum
is a conserved quantity. We found no conserved quantities at spin less than 5 other than the momentum. At spin 5 we found conserved quantities of the form (5.5), with
for both the G
2 and D We found a further conserved quantity at spin 7 of the form (5.5), with
2 and D
4 theories. The variables x, y and z take their values as follows. We have checked explicitly that these conserved quantities obey the required duality properties, that is that they commute with the terms appearing in the affine Toda Lagrangian for the dual algebra with a → −1/a. Again, due to the choice of scale the results for G (1)  2 and D
4 transform into each other under a −→ −2/( √ 3a). The spins of the conserved quantities we have found agree with the spins of the classical conserved quantities, namely that the spins are equal to the exponents of the affine Lie algebra. i ≡ ±1 mod 6 
Conclusions
As expected, we found the same number of conserved quantities in these non-simply laced affine Toda theories as in the classical theories, and the expressions for these are O(h) deformations of the classical expressions. We also found the purely quantum property of duality, that
Aff (g, a) = Aff (g ∨ , −1/a) . (6.1)
We now have the problem of interpretation of this result. There are two fundamentally different domains of affine Toda fields theory, namely a purely imaginary and a real. In the first instance the theory is a massive field theory and it is conjectured that there is purely elastic scattering of the particles for g simply-laced. S-matrices have been conjectured for the scatterings [11, 21, 22] . In the second regime it is believed that the theory corresponds to a perturbation of conformal field theory as first considered by A. B. Zamolodchikov [23] . However here there are problems in that the Hamiltonian does not obviously describe a unitary time evolution, and the related problem of null states in the W-algebra Verma modules which are the particle sectors (although see [24] for a possible route through this problem). Here the W-algebras are well understood for g simply-laced, and it seems very possible that the Hamiltonian is indeed unitary when acting on the physical subspace of the free-field Fock space. An important requirement of the bootstrap approach to the factorised S-matrix was that the ratios of the particle masses did not change under change of β; this holds to one loop for the simply-laced theories and for A (2) 2n , but not for the non-simply-laced theories or other twisted theories.
For the non-simply laced affine theories the masses flow as the coupling constant changes. However, these affine theories are still thought to be quantum integrable theories since the particles do not appear to decay to one loop in standard perturbation theory [25] . Can we say anything interesting from our calculations here? We have found that there is a relation between the conserved quantities of the affine theories for (ĝ, a) and (ĝ ∨ , −1/a). One way this should be reflected in the scattering theory is in the flow of the particle masses. Since the theories are "governed" by their conserved quantities, then the large a limit of the mass-ratios of the Toda theory based onĝ should be the small a limit of the theory based onĝ ∨ . The most interesting recent work on the non-simply laced Toda theories has been the conjecture of the S-matrices for the A n+1 theories by Delius et al. [13, 26] . They find that the mass ratios do renormalise, and on closer inspection this is from those of the A (2) 2n−1 theory to those of the B (1) n theory and for C (1) n to those of D (2) n+1 . This indicates that our conjecture on the flow of the masses is correct, although their conjectured S-matrices do not respect this duality for G 4 . Further, MonteCarlo lattice simulations seem to bear out a flow of masses connecting a theory with its dual, for at least some of the other affine theories [27] .
